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Program Name B.Sc/B.A (Mathematics)
B.Sc./B.A. Part |11
Paper Code — MT- 07 (Algebra)
Section-C
(Long Answer Questions gre s el T2)

1 . 1
T gy 14 5 & T & Each Question Carries 14 2 Marks

If (+) and (.) are operations defined on set R where

a(t)b=a+b+1

a()b=a+b+ab V ab €ER

then prove that (R, (+), (.)) is commutative ring with unit element.

afe (+) T () TEdfore: SEs & aad R W i SR 2 sret
a(t)b=a+b+1

a()b=a+b+ab vV ab €ER

o g AT T (R, (+), () T 3T S Wi b ferfeer e 21

(Ans. MT-07, p.164)

Every prime field of characterstics zero is isomorphic to the field Q of rational numbers.

[T SATHCTEOT T Seaieh 3TTS &1 T Semetl o & Q o o o 2

(Ans. MT-07, p. 237)

A non void subset W of a vector space V (f) to be a subspace of V (f) if and only if

afe v & R wfewr qafl & 3fter w, v T SAh STeeed 2 i ol w, v STaH(E 2t afe 3R e afe
@) wV €W = u—v €wand3iR

(ii) a € f,u€Ew=au €w
(Ans. MT-09, p. 288)

If v (f) is a finite dimentional vector space and W is a subspace of V(f), dimension of quotient space is finite and
v

dim (;) =dimV —dimW

Ifg v (f) ek uitfia fofta afesr amfs & qen w, v 6 veh Suemfe & ar favmr anfy v/w off ufifia
g afemviw = v - e w

(Ans. MT-07, P. 336)
State and prove cayley’s theorem

Hor—gHY T e foreet firg s
(Ans. MT-07, p.119)
Let V be a vector space over a field F. If) be the zero vector in V and ) be the additive identity in F then.

A V & F W T |G THE & TT V T I A6 0 € T F 1 A5 deemsh 3Ta9d 3 03 a9
(i) a.0=0V a eF

(ii) av=0VveV,0eF

Giy (—a).v=a.(—v)= —(a.v) Va €EF,v eV

ivv a(u—v)=au—av Vac€EF, uvelV

v) a.v=0=a=0orv=0where a €F, v eV



vi) au=av=u=vifa+ 0, a€F, uuvelVlV
i) au=bu=a=bifa,beF, 0=ueV
(Ans. MT-07, p. 285)

(7) State and prove fundamental theorem on Homomorphism.
THTSHTINAT sh1 ATV S 3T e [T@aht HeTiud it
(Ans. MT-09, p. 149)

(8) If S and T are subsets of a vector space V 9f) then

Afe S SR T AT §HIE V 9F) % ITad=a¥ &, af

(1) SCL (D) = L(S) CL(T)

(ii) SCT=L(S) CL(T)

(i) s, vIuEmfy ¥ Afg s Faa afa L (s)=s
S is a sub space V if and only if L (S) =S

vy LE)=L()

(Ans. MT-07, P. 301)

Q9 ()If@®Ho=0 7 2 6 3 5 8 4),

12345678
P=lo 5 438761

then prove that (t frg ifSrr foh)
pop=(p) p(7) p(2) p6) pB) pB6) p@B) pl14))
Ans.  [MT-07, Page 59]
(i) Find all the cosets of 51 in the group (I ,+) where is a set of integers.
a8 (1,+) # 51 % wft g 91 I, et | qurtent &1 e 2|
Ans. [MT-07, Page 89]
Q.10 (i) Show that the set Q" of the positive rational numbers forms an abelian group for the
operation * defined as :
TR I o grTenens afer denst Q™ wifsra * o forl we shm T ae 2, Sret dfsrar * it
TR RIS 2
a*b:a?b, vV abeQ”
Ans. [MT-07, Page 13]
(ii) Prove that the set of all ordered pairs of real numbers is a commutative ring with
unity under addition @ and multiplication () of ordered pairs defined as:

st B B oz b densil % wwe R b sewdl b w3 wee
S={ab)abeR} ®am @ quTTUH (.) T wfsrand fre yerr afefia

i) (ab)®(c,d)=(a+c,b+d)

(i)  (a,b).)c.d)=(ac,bd) V (a,b),(c,d)eS

(S, () 391 starera T s fafmer Sy etk a2

Ans. [MT-07, Page 169]



Q.11

Q.12

Ans.
Q.13

Ans,
Q.14

Ans,
Q.15

Ans,
Q.16

AnS.
Q.17

ADnS.
Q.18

(i) Every homomorphic image of a group G is isomorphic to some quotient group of
G.
T 8 G o1 GHTHTaeh Sidferal G o forelt T &g & qeashidl 2ar 2
Ans. [MT-07, Page 149]
(if) Any two isomorphic integral domains have isomorphic quotient field.

fohmet a1 qoarhrY quTTehiar SITwat o ferstmT & +ff qearemrd 2 2
Ans. [MT-07, Page 233]
(i) A commutative ring without zero divisors can be embedded into a field.

forett oft S[rvITSTen T, SRATCTHRT STl 3T Ue &1 H 371 TTo foRalT ST Sl

Ans. [MT-07, Page 214]
(if) Write the definition of centre of group and prove that for any group G its centre Z
is normal subgroup of G.

T % 5 ol AT TRy qon fog FNT fF &g G =z Z, G & T8 STEE
BB
[MT-07, Page 128]
Let R be the set of integers with operations & and (.) where a®b=a+b+1land
a(eb=a+b+ab Va,beR. Then prove that (R,®,(e)) is a ring with identity.
afe @ wd (o) ardfoe wEAel & af=ad R W uftdiia €A @ et a@b=a+b+1 e
a(e)o=a+b+ab Va,beR = fag AT % (RS, (o)) T 551E o157 wea wu fafai ao=
B
[MT-07, P.No. 164]
Prove that a ring without identity can be embedded in a ring with identity.
Torg ifSTe fop 3h18 s1arera e o =t Tohelt 3ohTS S1arger wfed aote | 31 T foram ST weha 2
[MT-07, P.No. 211]
Let V/(F) be a vector space and S ={v,,V,,....,v, } be a set of non zero vectors of V .

Then prove that S is linearly dependent if and only if there is a vector v, € S. Which
can be expressed as linear combination of previous vector of S where 2<m<n.

et afiwr @afy V(F) § o afmt &1 e S =, v,,...,v, ) 21 A fig B B S
TSHETAA: ST BT (S 3R Fhaed Afe STel hlS AW v, € S U JeaId |Gl HT THETT €<
SRf 2<m<n

[MT-07, P.No. 306]

State and prove Cayley’s theorem.

it T 3T e foraert g i)
[MT-07, P.No. 119]
Prove that the set |, ={0,1,2,....,n—1} for operation T, (addition modulo n) and X,

multiplication modulo n is a commutative ring.
afdfa ifs ff wgeam 1, = {0,12,.....,n—1} €fsasf T, @5 n)dem X, (9F Y919 N
) % |TUeT T oA fafmer s R

[MT-07, P.No. 171]
Prove that every integral domain can be embedded in a field.



Ans.
Q.19

Ans.
Q.20

Ans.
T.21

9.22
q.23

9.24

Q.25

Torg I foh e qUItehiar id ol Ueh &7 H 3707: TATIUd fohaT ST 6k 2

[MT-07, P.No. 214]

Let S={v,v,..,v,} be a basis of vector space V(F) and
V=2aV, +a,V, +...+a;V; +...+a,V, is a non zero vector where. Then prove that the set

S= {vl,v2,...vjfl,v,vj+1,...,vn} is also basis of V(F).

AR WA S={v,V,,.,V,) G wEE V(F) w FER @ R
V=aV, +a,V, +..+8;V; +...+a,V, TF A A & Sl a; =0 dl g Hif o agee
S:{vl,vz,...vjfl,v,vm,...,vn}V(F)%TW%TIT%I

[MT-07, P.No. 320]

Prove that the set of all even permutation An (n22) is a group for permutation

e n!
multiplication of order >

g T 6 n Ffe STk o avft wosh=—l 1 @q=aa An (nzz)wgvmuﬁw%m%!

IS 3T T BIeT 2
[MT-07, P.No. 53]
vefsta shifsre f (Show that the set of all matrices of the type)

cosa -Sina
A =| . ,acR
sinad Ccosa

TR T Tft ST BT e, TR U o fordl shmferf-aer wg 2

(is commutative group for the matrix multiplication.)

P.N. 15

forg il o wer aftfira =rshir wgg 1 #hife 38 Sk i Fife o sRra Bt 2

(Prove that the order of a finite cyclic group is equal to the order of its generator.)
P.No. 76, T8 - 3

HA—IHT HT H hHIFTC qer 38 farg i

(State Cayley-theorem and prove it.)

P.No. 119

quifshia T (D, t, .) T 9TThT &, D T ST it ITell ey & F 2ra 2

(Prove that quotient field of Integral domain (D, t, ) is the smallest field F containing
D))

P.No. 220

afe V diee F R o afawr aafy 31 7o Vo1 3 afewt 0 81 7T F 1 AT qoewsh 3799 I 0
HEERIGEIISIY

If V' be a vector space over the Field F and 0 be the zero vector of VV and zero 0 be the
additive identity in F. Then find

(1) a0=0, VaeF

(i) Ov=0, VeV, 0eF



Ans,
Q.26

Ans,
Q.27

Ans.
Q.28

Ans,

(i) (~alv=a(-v)=—(av) VaeF,ueV

(ivy a(u-v)=au-av,VaeF,veF

(v av=0=a=0amv=0vgiacF,ueV

(vij au=av—a=b3dflta=z0,acF amu,veV

(viii au=av=u=v3akabeF a@m0zueV

[MT-07, P.No. 285]

Prove that every group is isomorphic to same permutation group.

T IS Teier THE Toh ShHe g % e B ol

[MT-07, P.No. 119]

(a) Prove that every infinite cyclic group has two and only two generators.
forg Fifar fo W sraftfia =shr wegg o 2 3T e &1 & 5t 21d 2

Ans. [MT-07, P.No. 77]

(b) An non empty subset H of a group G is a subgroup of G if and only if
foreft qo G o1 ek itk Soeee H 38T 3y 81 afe 37k et af

Q) aeH,beH=abeH

(i) acH=a'eH

[MT-07, P.No. 30]

Prove that every ring can be embedded in a ring with unity

firg ISR Tk ST T Weh deddeh! ITetd | ST=eTa T3 ST e 2

[MT-07, P. No. 214]



