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Letp>land%+$: 1.1f a,b = 0, then prove

b
a/p p/a <242
P q

Where the sign of inequality holds iff a? = b4
P.N. 6 (Lemma-6)

State and prove Holder’s inequality.

P.N. 8 (Theorem-7)

State and prove Minkowski’s inequality.
[l = Nyl < llx =yl

P.N.9 (Th.8)

4. Show that the linear spaces R"(Euclidean) and C™(Unitary) of n-tuples

x= (x1,%3,.......x,) of real and complex numbers are Banach space
underthe norm

llxll = {Ef, |2}
P.N. 16 (Exq.2)

Let p be a real number s.t. 1 < p < oo. Show that the space 1, of all n-
tuples of scalars with the norm defined by

llxll, = {27 lx; P3P
is a Banach space.
P.N.18 (Exam.3)

Consider the linear space of all n-tuples x = (x4, x5, .......x,) of scalars
and define the norm by [|x|le = max{lx|, [x,|, ... x|} = (% show that
(1%, 1I. ) is a Banach space.

P.N.20 (Exa.4)



10.

11.

12.

Let (X) be a linear space of all bounded continuous scalar valued function
defined on a topological space X. Then show that c(X) is a Banach space
under the norm

IfIl = supllf()l:x € X}, f € C(X)
P.N.21 (Exa.b)
If T be a linear transformation from a normed linear space N into the
normed space N1, then prove that the following statement are equivalent:
0] T is continuous
(i) T iscontinuous at the origin i.e. x, - 0 = T(x,) = 0.
(iii)  Tisboundedie.,3realk =0s.t. ||[T(x)| < ||x|| forallx € N
(iv) IfS= {x:|x|| <1} is the closed unit sphere in N, then its image
T() is bounded set in N1,

P.N.26 (Th-1)

If T be a bounded linear transformation of normed space N into normed
space N1 then prove that the following statements are equivalent:

() N7l =sup {8 x #0,x €N}

llxl
() Tl =infidk: k 20T < llxll,v x € N}

(i) Tl = sup {ITE@I:Mxll <1, x € N}

v) Tl = sup {ITCI: lIxlF' =1, x € N}

P.N.28(Th.2)

If N, N1 be normed linear spaces and B (N, N1) is the set of all bounded (or
continuous) linear transformation from N into N, then B (N, N?) is also

normed linear space under the norm
ITlh= sup T Ixll < 1,V x € N}

w.r.t. pointwise linear operations
(T+S0(x) =T (x)+ S(x)and (XT)(x) = aT(x) for real a. also

B(N,N1) is complete if N* is complete i.e. B(N,N') is a Banach space if
N1 is a Banach space.
P.N.30 (Th.3)

Let N and N be normed linear spaces over the same scalar field and let T
be a linear transformation of N into N, then prove that T is bounded if it
IS continuous.

P.N. 36 (Th.8)

If N be a normed linear space, then show that the two norms || |11l |I»
defined in N are equivalent iff 3 positive real numbers and b s.t.



13.
. P.N. 41 (Th.14)
14.

15.

16.

17.
. P.N. 55 (Th4)
18.
. P.N.57(Th.5)
19.

20.

A.

allx|ly < llxll; < bllxll;, vx €N
P.N. 38 (Th.10)

State and prove Reisz Lemma.

Let X;,X5,..... X,,, Y be normed linear spaces over the same field of scalars
and let f : X; x ....x X, — Y be a multilinear mapping, then show that
f is continuous iff there exists a number m > 0 s.t.

f Cers o Il < mllxq el o ]
P.N. 46 (Th.1)

If B and B! be Banach spaces an T a continuous linear transformation of B
onto B!, then show that the image of every open centre at origin in B
contains an open sphere centered at origin in B*.

P.N. 48 (Lemma)

Let N and N be normed linear spaces and D be a subspace of N, then show
that a linear transformation T : D — N1 is closed iff its graph T is closed

P.N.54 (Th.3)

State and prove the closed graph theorem.

State and prove the uniform boundedness theorem

If f be a functional defined ona linear subspace M of a real normed linear
space N, x, € M and

My =[M U {xe}l = {x+ax,:x € M and a is real}

is the linear subspace spanned by M and x,, then show that f can be
extended to a functional & defined on M, .t. ||foll = lIf |l

P.N. 62(Lemma)

If f be a functional defined on a linear subspace M of a complex normed
linear space N,x, € M and

My=[MU{xo}l={x+ax,:x €Mand aisreal}

is the linear subspace spanned by M and x,, then f can be extended to a
functional f; defined on My s. t. ||foll = IIf ]l

P.N. 62. 65-66



21.

23.

24.

25.

26.

27.

If N be a normed linear space and x, is a non-zero vector in N, then 3 a
continuous linear functional F defined on the conjugate space N* s. t.

flxo) = lIxplland |IFIl=1 Proveit

. P.N.67(Th.2)
22.

If M be a closed linear subspace of a normed linear space N and x, be a
vector in N, but not in M with the property that the distance from x, to M
i.e. d(xo,m)=d >0, then prove that 3 a bounded linear functional
FeN*s.t.||F||=1,F(xy) =dand F(x) =0 Vx € Mi.e.F(M) = {0}

P.N. 69(Th.5)

Let N be an arbitrary normed linear space, then show that for each vector x
in N induces a functional F, on N**defined by F,.(f). = f(x) V f € N*s.t.

I|E || = |lx]|. Further the mapping / : N = N** defined as J(x) = F, Vx €
N is an isometric isomorphism of N into N**.

P.N. 71 (Th.6)

Let X be a complex inner product space, then show the following results :
()  (ax— By.z)= alx,z)— B (v.2)

(i)  (xpy+yz)= Blx,y)+ ¥ (x,2)

(i) (x,By —vz) = Blx,y)— 7 (x,2)

(V) (x,0) = 0and (0,x) = 0 VxeX

. P.N.77 (Th.1)
State and prove the Schwarz inequality
. P-N.78 (Th.2)
If X is an inner product space, then prove that
llxll = (x,x)2is anorm on X
P.N. 78 (Th.3)
If B is a complex Banach space whose norm obeys the parallelogram law,
and if an inner product is defined on B by
40, y) = llx +ylI? = llx = ylI? + illx + iyll? = illx — iyll?

Then B is a Hilbert space. Prove it.

. P.N.82 (Th.5)
28.

A closed convex subset k of a Hilbert space H contains a unique vectors of
smallest norm. Prove it.



