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Program : M.A./M.Sc. (Mathematics)
M.A./M.Sc. (Final)
Paper Code:MT-09
Integral Transforms and Integral Equations

Section — B
(Short Answers Questions)

. Find Laplace Transform of t2.u(t — 3), where u(t — 3) is a unit step
function.
Evaluate Laplace transform of the function :

sint
f(t) = sinat — at cosat +T
Find Laplace transform of the function sin+/t and hence obtain the Laplace
ws 't
VE
If f(t) continuous for allt > 0 and is of exponential order as t — oo and
if f(t) is of class A, then show that :
lim £(¢) = lim P L [f(£); p]

transform of

. Prove that L[U(t — a); p] = e}%, where U(t — a) is the Heaviside’s unit

step function.
Find L [Sc(t); p] where Sc(t) is dirac delta function and hence show that
limeo L[Se(®); p] = 1.

1 [e7vP ]_ cos 2yt
Prove that L [ 5 = T
Find L1 {m ;t}, hence obtain the unverse Laplace transform of
1
(p2+2p+5)3/2°

Find inverse Laplace transform of:

1 <1 1 ) 1 <p2 + 1)
(0] +—] orlo
& p? & p?

Find L™'[e~%V?].

Obtain inverse Laplace transform of —————— using convolution
(p+1) (p*+1)
theorem.
Evaluate : L1 [lo g <p+— ‘;:H) ; t].
4
Solve ZTZ — y =1, subject to conditions y(0)=y'(0)=y"(0)=
y”'(0) =0.
Solve :

(2D?+3D-2)y=0,y(0) = 1,y(t) > 0ast — oo,

Find the solution of =3 2% given that uu(0,t) = 0,u (Z,t) =
ind the solution of —==3 =, given that u,(0,t) = 0,u (E’t)_
0 and u(x,0) = 30 cos 5x.
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Solve the boundary value problem:

2 2
% = a? ZTZ’ (x > 0,t > 0) with the boundary conditions:
u(x,0) =0, u(x,0)=0 ; x>0

u(0,t) = f(¢t), Jli_)rlr)lou(x, t)=0 ;t=0

Solve :
ty" + y' + 4ty =0if y(0) =3,y'(0) =0
Solve :
T
(D? +9)y = cos 2t,if y(0) =1,y (E) =1.

If ¢(p) is the fourier sine transform of f(t) forp > 0 then for
p< 0, F{f(t);p}= —¢(—p),showit

i i 1, <1
Find the fourier transform of f(¢t) = {O, ||i|| > 1
Find the fourier cosine transform of e ~t°.

Prove that :
Prfim(p) = jmin y4_ M pamer e(n-1)(1); P}

7=0 y1(n—r)(m-7)!
Solve the integral equation for f(t) :
* _(1-p, 0<p<1
jo f(t)cps pt dt = { 0, p>1

P2
Hence deduce that fooo Sl:—zt dt = %

ap
Find f(t) if its sine transform is eT .Hence deduce F;! (%)

Prove that:
r@) r(x-5
aT'(b)

Prove that if n is a positive integer :

M{(x %) f(x);p} = (=)™ P F(p) where M {f(x)} = F(p).

If m is a positive integer and @ # 0 then prove that :
d m

{55 %) 1@p] = O™ FG) where w700} = F D)

Derive the Mellin Inversion theorem.

Derive convolution theorem for Mellin transform.
If M {f(x)} = F(p) , then prove that :

d*f af
Mix*—=+ x —;pr= P*F
{x dx? tx dx P ®)
Find the Hankel transform of f(x) = {1’ 0
Find the Hankel transform of the function :
_(a?—=x2%?, 0<x<a
) = { 0, x>a

M{(1+x%)P;p}=

0<x<a v>0
, x>a, v=20

taking x J, (px) as the kernel.

Find the Hankel transform of:
(1) cosax

X

; 0 < Re(p) <Re(ab).
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sina x

(i)
taking x J, (px) as the kernel.

X

Find the Hankel transform of the function :

Flx) = {x”,o’ Ox<>xa< a (n>-1)

taking x J,, (px) as the kernel.
Find the Hankel transform of e¥e~%*, taking x J,, (px) as the kernel.

If H,{f (x);p} = fooof(x)]v(px) (xp)2dx, p > 0, then show that:
1
1 2°T(v + %) P"*2
H, {x"‘f e %, p} = 1
VT (@ + p2)"*2

Where Re (a) > 0 and Re (v) > %

au _ 9%Uu

Solve 5= X > 0, t > 0 subject to conditions :

(i) U(o,t) = 0

. 1, 0<x<1
G v ={ 0, x =1
(iii) U (x, t)is bounded
The temperature U (x,t) in the semi-infinite rod 0 <x < oo is

whent=0

determined by the D.E.
ou 02U
ot  0x2

Subject to conditions :

(1) U=0whent =0, x>0

(ii) Z—Z = —u (a constant) when x =0, t =0

Making use of cooiine transform, show that

Ux, t) = 2u coszpu (1 —e*P*)dp
T J, D

4
Solve ZTZ + ZTZ =0,—00 < x < oo, y > 0, satisfying the conditions :

(1) U and its partial derivatives tend to zero as x — +oo
(i) U= f(x),‘;—z =0 fory=0
Find the solution of the linear diffusion equation :

9%U 14U . .. . s ..
=% g na semi-infinite rod x = 0, satisfying the boundary conditions

MU= f(), t =0

(i) U (x,t) > 0asx » o

and he initial conditions U (x,0) = 0

Apply Hankel transform (of zero order) to solve the differential equation:
02U 19U 02U

F+;E+ﬁ=0, 0 <r<wz=0

satisfying the following conditions :

(1) U->0asz sooandr — o
(i) U=f@)onz=0,r =0.Itis given that U(r, 2) is bounded.
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The magnetic potential U for a circular disc of radius a and strength w,
magnetized parallel to its axis. Satisfying Laplace’s equation is equal to
2ntw on the disc itself and vanishes at exterior point in the plane of the disc.
Show that at the point (r,z),z > 0

U= 21w [} e™*Jo(pr)]i(ap)dp

3
Show that the function g(x) = (1 + x?)7z is a solution of the volterra
integral equation:

1 x 1
gx) = T —jo FTD) g(t)dt

Show that the function g(x) =1 is a solution of the Fredholm integral
equation.

1

glx) + j x (e* —1)g(t)dt = e* —x
0

Form a integral equation corresponding to the differential equation :
4% VL A
dx? " Yax YT
With initial conditions : y(0) =1 =y'(0) =0
Convert the following differential equation into an integrall equation :
d%y
W+/1xy =f(x);y(0)= 1,y'(0) =0
2
Transform ZTZ +xy=1; y(0) =0,y(1) = 1 into an integral equation.
Solve the homogeneous fredholm integral equation:

0(x) = A [, e¥*t g(t)dt

Solve the homogeneous fredholm integral equation of the second kind.

glx) = /1] nsin(x +t) g(t)dt
0

Find eigen values and eigen functions of the homogeneous integral
equation.

g(x) = 1 j k(x, £) g(t)dt
0

Solve :

1
glx) = e* +/1j 2e* et g(t)dt
0

Solve the integral :

900 = fG) +4 j (xt + 2 g(D)dt

Also find its resolvent kernel.

Solve the following equation and find its eienvalues :
T/2

glx) =+ +/1j cos (x —t) g(t)dt
0
Solve the integral equation :
X
90 = 1] sin (x — t) g(6)dt
0

and verify your answer.
Solve for f(x) the integral equation “
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1, 0<p<1

j f(x)Sinpxdx={2, 1<p<2
° 0, p>2
Solve :

j f(x)cospxdx =e7P
0

Solve the following integral equation by the method of successive
approximation :-

glx) = (ex —%e +%) +% jolg(t)dt

Using iterative method, solve :

g)=fx)+ 2 j et g(t)dt
0

By means of resolvent kernel find the solution of :

() = e*s +sz+ cos x (Odt
g = e sinx 02+cost‘g
By means of resolvent kernel, find the solution of:
T 2
=14 x? j t)dt
gx) ) Tve g(t)
Using the method of successive approximation solve the integral equation :

X

glx)=1+ j (x —t)g(t)dt taking go(x) =0
Solve : ’

X
gx) = x.2% — j 2% tg(t)dt, go(x) =x.2%
0
By using the method if successive approximation.

Prove that the eigen values of a symmetric kernel are real.
Show that the eigen functions of a symmetric kernel corresponding to
distinct eigen values are orthogonal.
Show that if the sequence { g (x)} be all the eigen functions of a symmetric
L, —kernel with {A,} as the corresponding eigen values. Then the series :

|gn ()12
T

an upper bound of the integral:

converges and its sum is bounded by C which is

b
jlkz(x, t)| dt

a
Show that if the sequence {g,, (x)} be all the eigen functions of a symmetric
kernel k(x, t) with {A,} as the corresponding eigen values then the

truncated kernel KM D(t) =k (x,t) — ’,ﬁlzlw has the eigen
m

values Ay, Adpgos von e to which corresponds the eigen functions

In+1 (%), Gni2(x) ........The Kernel K™ 1(x,t) has no other eigenvalues

or eigen functions.
Using Hilbert Schmidt theorem, find the solution of the symmetric integral
equation

3 1
gx)=x*+1 +§ j (xt + x%t?)g(t)dt
-1
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Determine the eigenvalues and the corresponding eigen functions of the
equation:

900 = fG) +4 j “sinCx + 0g(0)de
0

Where f(x) = x obtain the solution of this equation when A is not an
eigenvalue.

Using the recurrence relation find the resolvent kernel of the following
kernel :

k(x,t) =sinx, 0<x<m

Show by using fredholm’s theory that the resolvent kernel for the integral
equation with kernel k(x,t) = 1 — 3xt in interval (0,1) is :

o (x—1¢)
RGt D) = [ =] [1+4-T52 -3 - 2e| 222
Using fredholm theory solve,
1
glx)=e*+ A j xt g(t)dt
0

Solve the following integral equation :

1

gx)=x+2 j [4xt + x?]g(t)dt
0

Using fredholm theory, solve :

21
g(x) = cos2x j sinx cost g (t)dt
0
For the integral equation :

b
900 = F(x) +1 j k G, Dg(©)dt

Find D(4) and D(x,t; A) for the kernel:

k(x,t) =sinx; a=0, b=m



